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Abstract
This work presents a three-dimensional constitutive model for shape memory alloys consider-
ing the TRansformation-Induced Plasticity (TRIP) as well as the Two-Way Shape Memory
Effect (TWSME) through a large deformation framework. The presented logarithmic strain
based model is able to capture the large strains and rotations exhibited by SMAs under
general thermomechanical cycling. By using the martensitic volume fraction, transforma-
tion strain, internal stress, and TRIP strain tensors as internal state variables, the model
is capable to capture the stress-dependent TRIP generation when SMAs are subjected to a
multiaxial stress state, as well as the TWSME for thermomechanically trained SMAs under
load-free conditions. A detailed implementation procedure of the proposed model is presented
through a user-defined material subroutine within a finite element framework allowing for
solving different Boundary Value Problems (BVPs). Comprehensive instruction on calibrat-
ing the model parameters as well as the derivation of continuum tangent stiffness matrix
are also provided. In the end, the simulated cyclic pseudoelastic and actuation responses
by the presented model for a wide range of SMA material systems under both uniaxial and
multiaxial stress states are compared against experimental results to validate the proposed
modeling capabilities.
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1. INTRODUCTION
Shape Memory Alloys (SMAs) represent an active/smart material with the ability to
recover their pre-defined shape via a diffusionless phase transformation between its high-
symmetry, high-temperature austenitic phase and low-symmetry, low-temperature marten-
sitic phase. Due to the high output energy density of SMAs, up to 500 MPa actuation stress
and 8% recoverable strain (Otsuka & Wayman 1999), compared to other active materials
such as shape memory polymers and piezoelectrics, their current and potential applications
in the biomedical, aerospace, automobile and civil engineering fields are expanding rapidly
(Hartl & Lagoudas 2007, Song et al. 2010, Peraza-Hernandez et al. 2013, Jani et al. 2014,
Karakalas et al. 2019). SMAs have been extensively researched as solid-state actuators to
enable adaptive and morphing structures. For examples, an SMA-based beam component
has been used as a bending actuator to morph the engine outer shell geometry so that a de-
sired aerodynamic conditions can be achieved during the airplane take-off and cruise regime
(Hartl & Lagoudas 2007). SMA-based torque tubes have been used as rotation actuators to
deploy and retract solar panels for small satellites (Wheeler et al. 2015), and also used as
rotational actuators to rotate the trailing edge wing flap during an airplane on-fly test (Mabe
et al. 2014, Calkins & Mabe 2016).
The majority of engineering applications require SMAs experiencing a large number of
loading cycles involving repeated phase transformations, which brings the increasing necessity
to understand SMA material response under thermomechanical cycling. Many experimental
results (Strnadel et al. 1995a,b, Lagoudas & Bo 1999, Lagoudas & Entchev 2004, Wheeler
et al. 2014a) indicate that SMAs exhibit an evolving rather than stable material response un-
der cyclic loading. More specifically, transformation characteristics of SMAs, e.g., the shape
of stress/thermal hysteresis, transformation temperatures, transformation strain magnitude,
usually shift from one cycle to another, and large irrecoverable strains are usually accumu-
lated. Such irrecoverable strains, often called TRIP, are caused by the microstructure changes
as a result of the repeated phase transformation. These microstructure changes, including ac-
cumulation of dislocation bands, initiation and growth of micro-voids and micro-cracks, and
damage accumulation, then effectively results in an observable macroscopic plastic strain,
which occurs at an effective stress level much lower than the conventional plastic yielding
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point (Lagoudas & Entchev 2004). In addition, TRIP strain evolves with different rates
throughout the entire material fatigue life state. It has been shown in the SMA fatigue
test results (Wheeler et al. 2014b) that the TRIP strain grows drastically during the very
first hundreds of loading cycles then tends to increase in a stabilized trend until the ma-
terial reaches the failing point at the end. As the most of engineering applications require
actuators functioning in stable material behavior, SMAs are usually subjected to a training
process, i.e., repeated thermal/stress cycling, to stabilize their behavior before being used as
actuation components. As of now, many modeling efforts have been devoted to predicting
the evolving characteristics of SMAs under cyclic thermomechanical loading.
A large number of legacy models have been proposed to predict the stable SMA mate-
rial response. A thorough review of these works can be found from literature (Leclercq &
Lexcellent 1996a, Boyd & Lagoudas 1996, Patoor et al. 1996, Thamburaja & Anand 2001,
Patoor et al. 2006, Zaki & Moumni 2007, Lagoudas 2008, Arghavani et al. 2011, Lagoudas
et al. 2012, Kelly et al. 2016, Wang et al. 2017, Xu et al. 2017b, 2018). In general, SMA
models considering irrecoverable strains can be categorized into two types. One type of SMA
models describe conventional plasticity due to the activation of slip systems at sufficiently
high-stress levels in either pure austenite or martensite phase. Modeling efforts fall into this
type can be obtained from publication (Wang et al. 2008, Hartl & Lagoudas 2009, Jiang &
Landis 2016, Scalet et al. 2019). Another type of models concerns irrecoverable strains as
TRIP caused by repeated phase transformations wherein the stress levels are much lower
than the material yielding point. It is noted that the focus of this work falls into the second
type. Many commonly cited SMA models have been proposed to capture such evolving re-
sponse feature, and a subset of them are briefly reviewed here. The earliest models dealing
with TRIP were presented by Lim & McDowell (1994) and Tanaka et al. (1995) to capture
the cyclic loading effect on the SMA phase transformation characteristics. Later on, based
on the micromechanics averaging method on an SMA representative volume element, Bo &
Lagoudas (1999a,b) proposed a model accounting for the one-dimensional TRIP strain ac-
cumulation and the generation of TWSME under actuation cycling. Lexcellent et al. (2000)
further extended their early SMA model describing stable material response (Leclercq &
Lexcellent 1996b) to consider the irrecoverable strains by introducing two additional internal
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state variables, i.e., the volume fraction of self-accommodated and oriented martensite. Af-
terward Lagoudas & Entchev (2004) proposed a model accounting for TRIP as well as the
shape and size of the hysteresis during pseudoelastic cycling. Also, Zaki & Moumni (2007)
proposed a model considering the TRIP in the case of cyclic pseudoelastic loading by using
additional internal state variables, such as internal stress, TRIP strain, and accumulated
martensite volume fraction. Other similar and recent modeling efforts can also be found
from the works (Auricchio et al. 2007, Saint-Sulpice et al. 2009, Yu et al. 2013, Barrera et al.
2014, Yu et al. 2015, Xu et al. 2017a, 2019b).
Although many of the proposed models have enabled researchers to study the evolving
material behaviors of SMAs, the majority of them are insufficient in their capacity to consider
the following critical features. (i) The first feature of the currently available models in need of
improvement is their small deformation assumption based on infinitesimal strain theory. This
assumption may be acceptable for SMA material systems, such as Ni-rich or NiTiHf SMAs,
where the summation of all strains, including elastic, transformation, and TRIP strains, is
below 3%. However, it has been reported that nearly 30% or even higher TRIP strains are
observed during the lifetime of near equiatomic NiTi SMA-based actuators (Wheeler et al.
2014a). Also with the presence of cracks in SMAs, the strain regime in front of the crack
tip can easily go beyond 10% (Haghgouyan et al. 2016, 2019). In the presence of such large
strain, a finite strain model is needed to account for the exhibited large strains to provide
an accurate structural response of SMA-based multifunctional components. (ii) The second
important aspect of many current models in need of improvement is the TWSME charac-
teristic exhibited by trained SMAs at load-free conditions. Because of the required training
process to stabilize the response of as-received SMAs before used as actuators, permanent
changes such as dislocation bands, accumulation of defects/damage and retained marten-
site variants are usually introduced into the material’s microstructure, which then results in
the generation of an internal stress field oriented in the same direction as the applied load.
Thereafter the generated internal stress field is capable to induce the oriented phase transfor-
mation under pure thermal cycling without applying any external mechanical loads, i.e., the
TWSME. Such unique TWSME property of SMAs have tremendous engineering potentials.
For instance, it allows for mounting and dismounting of SMA-based connectors and couplers
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Figure 1: Evolution of the summation of transformation and TRIP strain in the loading direction for a
notched NiTi plate subjected to thermal cycling under constant load. Referenced from Wheeler (2017).
in an easy procedure by just heating and cooling without pre-stressing (Niccoli et al. 2017,
Tabesh et al. 2018). (iii) The last major contribution of this work is the consideration of
stress-dependent TRIP evolution under multiaxial stress state. The majority of applications
require the functionality of actuators under multiaxial stress state originated from geometry
curvatures or installment required discontinuities, such as notches and holes. TRIP strain
under such multiaxial stress state evolves quite differently compared to that in the uniaxial
loading case. Refer to Fig. 1 for the Digital Image Correlation (DIC) strain results of a
notched NiTi plate under cyclic actuation loadings, it revealed that the TRIP strain evolved
in a much faster rate at the stress concentration region than the less stressed part. Despite
the importance of the above mentioned facts, they have rarely been addressed among existing
models from available literature through a unified modeling framework.
In order to address the three aforementioned critical features, a three-dimensional fi-
nite strain constitutive model for SMAs considering TRIP and TWSME is proposed in this
work. The presented modeling effort is developed based on the legacy SMA model (Boyd &
Lagoudas 1996, Lagoudas et al. 2012, Xu et al. 2019a) and largely inspired by its continuous
development considering TRIP (Bo & Lagoudas 1999b, Lagoudas & Entchev 2004, Xu et al.
2019b). The proposed logarithmic strain based model is able to capture the large strains
and rotations exhibited by SMAs under general thermomechanical cycling. By using the
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martensitic volume fraction, transformation strain, internal stress, and TRIP strain tensors
as internal state variables, the model is also able to capture the stress-dependent TRIP evolu-
tion when SMAs are under a multiaxial stress state, and the TWSME for thermomechanically
trained SMAs due to the generation of internal stresses under load-free conditions.
In summary, the paper is organized as follows. In Section 2, kinematic preliminaries
used in the model formulation are presented. Section 3 focuses on the model development
that incorporates the three important features as mentioned earlier. In section 4, the de-
tailed implementation procedure for the proposed model is described by using a user-defined
material subroutine (UMAT) through the finite element software Abaqus. Thereafter, nu-
merical examples are analyzed to demonstrate the proposed modeling capabilities in Section
5. Conclusions are summarized in Section 6. In the Appendix A, the explicit derivation
of the continuum tangent stiffness matrix is provided, and Appendix B presents a detailed
instruction on how to calibrate all the model parameters based on available experimental
data.
2. PRELIMINARY
2.1. Kinematics
Let the position of a material point P from body B defined by a vector X in the reference
(undeformed) configuration at time t0, and vector x represents the position of that material
point in the current (deformed) configuration at time t. It is well-known that the deformation
process of this material point P from reference to current configurations can be described by
using the deformation gradient tensor F(x, t),
F(x, t) =
∂x
∂X
(1)
also, the velocity field v of material point P can be defined as,
v =
dx
dt
= x˙ (2)
the velocity gradient L can be derived based on the velocity field v as,
L =
∂v
∂x
= F˙F−1 (3)
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the polar decomposition for the deformation gradient F is also known as follows,
F = UR = VR (4)
in which R is the orthogonal rotation tensor, U and V are called the right (or Lagrangian)
and the left (or Eulerian) stretch tensors respectively. The right Cauchy-Green tensor C and
the left Cauchy-Green tensor B can be obtained as follows,
C = FTF = U2 (5)
B = FFT = V2 (6)
the so called logarithmic (or Hencky/true) strain can be expressed in its Lagrangian form H
and its Eulerian form h as,
H =
1
2
ln(C) = ln(U) (7)
h =
1
2
ln(B) = ln(V) (8)
It is also known that the velocity gradient L can be additively decomposed into a sym-
metric part, i.e., the rate of deformation tensor D, plus an anti-symmetric part, i.e., the spin
tensor W,
L = D + W, D =
1
2
(L + LT), W =
1
2
(L− LT) (9)
2.2. Logarithmic rate and Logarithmic spin
Two kinematic assumptions, i.e., the multiplicative decomposition of deformation gra-
dient F and the additive decomposition of the rate of deformation tensor D, are usually
used in finite deformation theory. Hyperelastic constitutive relation is often used in multi-
plicative models while hypoelastic constitutive equation is utilized for additive models. For
a long time, the rate form hypoelastic constitutive theory has been criticized for its fail-
ure to be fully integrable to describe a simple recoverable elastic behavior. Many spurious
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phenomena, such as shear stress oscillation and residual stress errors are observed in simple
elastic deformation using objective rates, this includes many well-known objective rates such
as Zaremba-Jaumann rate, Green-Naghdi rate, and Truesdell rate, etc.(Xiao et al. 2006).
However, such aforementioned issues regarding objective rates are resolved by the logarith-
mic rate proposed by Xiao et al. (1997a,b, 2006), Bruhns et al. (1999, 2001a,b), Meyers et al.
(2003, 2006). As proved in their work, the logarithmic rate of Eulerian logarithmic strain h is
identical with the rate of deformation tensor D, by which a hypoelastic model can be exactly
integrated into an finite strain elastic model (Xiao et al. (1997a)). This unique relationship
between the logarithmic strain h and the rate of deformation tensor D can be expressed as,
h˚log = h˙ + hΩlog −Ωlogh = D (10)
where Ωlog is the logarithmic spin introduced by Xiao et al. (1997a),
Ωlog = W +
n∑
i 6=j
(1 + (λi/λj)
1− (λi/λj) +
2
ln(λi/λj)
)
biDbj (11)
in which λi,j(i, j = 1, 2, 3) are the eigenvalues of left Cauchy-Green tensor B, bi,bj are the
corresponding subordinate eigenprojections. Additionally, the second-order rotation tensor
Rlog can be obtained by using the logarithmic spin tensor Ωlog after solving the following
tensorial differential equation. The initial condition Rlog|t=0 = I is often assumed.
Ωlog = R˙log(Rlog)T (12)
Furthermore, equation (10) can be integrated to the following equation via the corota-
tional integration scheme with the initial condition h|t=0 = 0, (Khan & Huang (1995)),
h =
∫
corot.
D dt = (Rlog)T
(∫ t
0
RlogDe(Rlog)Tdt′
)
Rlog (13)
2.3. Additive decomposition of logarithmic strain
This part addresses the kinematic assumption of additive decomposition of logarithmic
strain. First, the rate of deformation tensor D is additively decomposed into three parts,1
1The thermal strain part is small compared to the other major strains, hene it is omitted here for the
sake of simplicity.
8
i.e., elastic part, transformation part, and TRIP part. From energy point of view, additive
decomposition of D can be interpreted as the stress power provided from outside is split
into an elastic part stored inside the material, a dissipative part associated with phase trans-
formation process, and another dissipative part related to transformation-induced plastic
deformation.
D = De + Dtr + Dtp (14)
Based on equation (10), the elastic part De, transformation part Dtr and plastic part Dtp
can be rewritten as h˚e log, h˚tr log and h˚tp log respectively,
h˚e log = De; h˚tr log = Dtr; h˚tp log = Dtp (15)
the following equation can be obtained by combining equations (10), (14) and (15),
h˚log = h˚e log + h˚tr log + h˚tp log (16)
applying corotational integration on equation (16) gives,
he =
∫
corot.
De dt = (Rlog)T
(∫ τ
0
RlogDe(Rlog)Tdτ
)
Rlog (17a)
htr =
∫
corot.
Dtr dt = (Rlog)T
(∫ τ
0
RlogDtr(Rlog)Tdτ
)
Rlog (17b)
htp =
∫
corot.
Dtp dt = (Rlog)T
(∫ τ
0
RlogDtp(Rlog)Tdτ
)
Rlog (17c)
Combing equations (13), (14), (16) and (17), the following kinematic equation on total
logarithmic strain can be received. Namely, the total logarithmic strain is additively split
into an elastic part, a transformation part, as well as a TRIP part
h = he + htr + htp (18)
3. MODEL FORMULATION
3.1. Thermodynamic potential
Based on the classical thermodynamic framework for dissipative materials, the devel-
opment of the proposed model starts with the formulation of an explicit thermodynamic
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potential. To that end, a quadratic form Gibbs free energy is proposed as a continuous
function based on Kirchhoff stress tensor τ, temperature T , and a set of internal state vari-
ables Υ = {ξ,htr,htp,β}, in which they are martensitic volume fraction ξ, transformation
strain tensor htr, TRIP strain tensor htp, and internal stress tensor β. The martensitic
volume fraction ξ ranging 0 6 ξ 6 1 is used for differentiating the two material phases
of SMA. Specifically, ξ = 0 represents pure austenitic phase while ξ = 1 indicates pure
martensitic phase. The htr accounts for the inelastic yet recoverable strain associated with
the phase transformation, htp is used to represent the irrecoverable transformation-induced
plastic strain, and β is used to consider the internal stress field generated inside the material
as a result of the training process. The following explicit Gibbs free energy expression for G
is given as,
G = − 1
2ρ0
τ : Sτ− 1
ρ0
τ : [ α(T − T0) + htr + htp]− 1
ρ0
∫ ξ
0
(β :
∂htr
∂τ
)dτ + c
[
(T−
T0)− T ln( T
T0
)
]
− s0T + u0 + 1
ρ0
f(ξ)
(19)
In which, S is the fourth-order effective compliance tensor that can be calculated by using
the rule of mixture as per equation (20), SA is the compliance tensor for austenitic phase
while SM is for martensitic phase, ∆S represents the phase difference of the compliance
tensor. Additionally, the effective stiffness tensor C can be obtained by taking the inverse
of the above effective compliance tensor, i.e., C = S−1. α is the second-order thermoelastic
expansion tensor, c is the effective specific heat, s0 and u0 are the effective specific entropy
and effective specific internal energy at the reference state. All the aforementioned effective
variables are determined by the rule of mixture from equation (21) to (24). T represents the
temperature at current state, while T0 is the temperature at reference state.
S(ξ) = SA + ξ(SM − SA) = SA + ξ∆S (20)
α(ξ) = αA + ξ(αM −αA) = αA + ξ∆α (21)
c(ξ) = cA + ξ(cM − cA) = cA + ξ∆c (22)
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s0(ξ) = s
A
0 + ξ(s
M
0 − sA0 ) = sA0 + ξ∆s0 (23)
u0(ξ) = u
A
0 + ξ(u
M
0 − uA0 ) = uA0 + ξ∆u0 (24)
A smooth hardening function f(ξ) is included in the Gibbs free energy to account for the
polycrystalline hardening effects, such as interactions between different phase variants, im-
perfections located at the grain boundaries, and the presence of nano-precipitates (Lagoudas
2008). Three intermediate material parameters (a1, a2, a3) are introduced in this hardening
function, they can be determined as derived in Appendix B by using the known material
parameters . Besides, the other four smoothing parameters (n1, n2, n3, n4) are introduced to
effectively treat the smooth transition characteristics at the initiation and completion during
phase transformation. The complete form of hardening function is as follows,
f(ξ) =

1
2
a1
(
ξ + ξ
n1+1
n1+1
+ (1−ξ)
n2+1
n2+1
)
+ a3ξ , ξ˙ > 0,
1
2
a2
(
ξ + ξ
n3+1
n3+1
+ (1−ξ)
n4+1
n4+1
)
− a3ξ , ξ˙ < 0
(25)
On basis of the proposed Gibbs free energy, following the classic thermodynamic principles
and Coleman-Noll procedure, the constitutive relationships between stress and strain, entropy
and temperature can be obtained in equations (26) and (27),
h = −ρ0∂G
∂τ
= Sτ + α(T − T0) + htr + htp (26)
s = −ρ0∂G
∂T
=
1
ρ0
τ : α + c ln(
T
T0
)− s0 (27)
The following reduced form of dissipation inequality (28) can be derived by substitution
of the above constitutive relationships into the Clausius-Planck inequality,
−ρ0 ∂G
∂htr
: h˚tr − ρ0 ∂G
∂htp
: h˚tp − ρ0∂G
∂ξ
ξ˙ > 0 (28)
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3.2. Evolution law for transformation strain
This part focuses on proposing the evolution law for transformation strain. Following the
maximum dissipation principle, the evolution of transformation strain that tends to dissipate
the most energy among all the admissible thermodynamic paths is chosen during the phase
transformation process (Boyd & Lagoudas 1996, Qidwai & Lagoudas 2000b). Therefore, it is
assumed that the rate change of transformation strain is proportional to the rate change of
the martensitic volume fraction ξ, and the direction of which is along the deviatoric part of
the effective stress tensor. Be noted that in the following evolution law the rate applied on
top of the transformation strain is the logarithmic rate in order to account for the principle
of objectivity, the ’log’ symbol is neglected for the sake of simplicity. Finally, the explicit
evolution law for transformation strain is described as follows,
h˚tr = Λξ˙, Λ =

Λfwd, ξ˙ > 0,
Λrev, ξ˙ < 0,
(29)
where, Λfwd is the forward transformation direction tensor, and Λrev is the reverse transfor-
mation direction tensor. They are defined explicitly as follows,
Λfwd =
3
2
Hcur
τeff
′
τ¯eff
; Λrev =
htr-r
ξr
. (30)
in the above equations, τeff is the effective stress tensor defined as equation (31) using the
summation of Cauchy stress and internal stress. It is worthy to point out that the major
difference here compared to available SMA model concerning stable material response is the
introduction of this effective stress tensor. It can be seen later on that the TWSME of
thermomechanically trained SMAs under load-free conditions can be achieved by using this
effective stress term. The evolution law for internal stress tensor β is introduced in the later
context shortly.
τeff = τ + β (31)
in addition, the deviatoric part of effective stress tensor is defined as τeff
′
= τeff− 1
3
tr(τeff) 1,
where 1 is the second-order identity tensor. The von Mises equivalent effective stress τ¯eff is
calculated as follows,
τ¯eff =
√
3
2
τeff
′
: τeff
′
(32)
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It is common in many of the available models that the magnitude of the recoverable trans-
formation strain is assumed to be the same under different stress levels. Such consideration
is valid when the applied stress levels are high enough to generate fully oriented marten-
sitic variants. However, self-accommodated martensitic variants are also generated when the
stress levels are not sufficiently high, which renders the value of transformation strain to be
a stress-dependent variable. Therefore, the following exponential Hcur function is introduced
to calculate the value of current transformation strain given an effective stress state, where
Hmax is the maximum (or saturated) value of transformation strain, Hmin corresponds to
an observable TWSME strain for pre-trained SMAs or some SMAs experiencing particular
production process such as extrusion and aging under stress. Besides, τcrit denotes a critical
stress value below which Hcur = Hmin, and kt is a curve-fitting material parameter. The
explicit form of Hcur can be found as follows,
Hcur(τ¯eff) =

Hmin + (Hmax −Hmin)(1− e−kt(τ¯eff−τcrit)); τ¯eff > τcrit,
Hmin; τ¯eff < τcrit,
(33)
It is also seen from experimental results (Atli et al. 2015) that a degradation sometimes
exists for the value of maximum transformation strain as a result of the accumulation of
retained martensite. In order to extend the model capability to capture this phenomenon,
a degradation law is proposed for the maximum transformation strain in equation (34),
where Hmaxi and H
max
f represent the value of H
max before and after the cyclic loading. In
addition, λ1 is a material parameter governing the degradation trend of H
max, and ζd called
the accumulation of orientated martensitic volume fraction is introduced shortly in the later
subsection.
Hmax = Hmaxf + (H
max
i −Hmaxf )e−λ1ζ
d
(34)
3.3. Evolution law for TRIP strain
An evolution law for the TRIP strain is proposed in this subsection in order for the
model to capture the irrecoverable strain exhibited by SMAs under cyclic thermomechanical
loading. Before the detailed formulation is presented, a major assumption is postulated, i.e.,
among the total martensitic phase transformation, only the oriented transformation portion
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contributes to the generation of TRIP. This assumption is built upon the observation on
the experimental results (Lagoudas 2008) that no macroscopic irrecoverable deformations
are perceived for untrained SMAs under load-free thermal cycling. An early one-dimensional
form of TRIP evolution law was suggested in the work of Bo & Lagoudas (1999b), and a
three-dimensional form was proposed by Lagoudas & Entchev (2004). As it was discussed in
the introduction, the generation of TRIP strain is highly stress-dependent under multiaxial
stress state, and is totally different compared to that in the uniaxial case. However, none of
the above mentioned TRIP evolution laws have well addressed this critical feature, nor the
other available models to the authors’ best knowledge. Therefore, the following evolution
law for TRIP strain considering the effect of stress multiaxiality is suggested,
h˚tp = Λtpξ˙, Λtp =

Λtpfwd, ξ˙ > 0,
Λtprev, ξ˙ < 0,
(35)
In the above equation, Λpfwd is the forward TRIP direction tensor, and Λ
p
rev is the reverse
one. They have explicit definitions in equation (36). Note that the rate applied on top of htp
is again the logarithmic rate. Because TRIP is strongly driven by the phase transformations,
it is proposed that the TRIP strain also evolves along the deviatoric part of the effective
stress as the transformation strain described as the following equation,
Λtpfwd =
3
2
(
Hcur
Hmax
)2
τ
′eff
τ¯eff
Cp1C
p
2
1 + Cp2ζ
d
; Λtprev = −(
Hcur
Hmax
)2
htr−r
ξr
Cp1C
p
2
1 + Cp2ζ
d
(36)
In the preceding evolution equation, the material parameters Cp1 and C
p
2 play the major
role in dictating the magnitude and evolving trend for TRIP during cyclic thermo-mechanical
loading. The usage of the accumulation of oriented martensitic volume fraction ζd is to be
consistent with the previously proposed assumption that only the oriented phase transfor-
mation contributes to the TRIP strain generation. For a better illustration on the TRIP
evolving trend, the rate form equation (36) can be integrated as the following algebraic form
using a logarithmic function.
htp =
3
2
Hcur
Hmax
Cp1
τ
′eff
τ¯eff
ln
(
1 + Cp2ζ
d
)
(37)
As it can be seen from the above equation, the stress-dependent feature for TRIP strain
generation is incorporated by multiplying model parameter Cp1 with the ratio (H
cur/Hmax).
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As it is shown in the latter results section, such consideration together with the usage of ζd in
the evolution law enable the model’s capability to capture the highly stress-dependent TRIP
generation under multiaxial stress condition. It is also worth to point out that the proposed
logarithmic function based evolution law indicates there is no saturation point on TRIP, which
is closely aligned with the experimental results from actuation cycling (Wheeler 2017). While
in the previous work (Lagoudas & Entchev 2004), an exponential function based evolution law
was adopted to be aligned with pseudoelastic cycling experimental results, which indicates
TRIP is expected to reach a saturation value, and eventually a stable pseudoelastic response
is anticipated to be attained after a certain number of mechanically cycling. Lastly, the
accumulation of oriented martensitic volume fraction ζd used in this equation is defined as
follows,
ζd =
∫ t
0
|ξ˙d(t)|dt (38)
in which the oriented martensitic volume fraction ξd is calculated as,
ξd =
Hcur
Hmax
ξ (39)
the relation between the accumulation of oriented martensitic volume fraction ζd and the
accumulation of total martensitic volume fraction ζ is,
ζd =
Hcur
Hmax
ζ (40)
3.4. Evolution law for internal stress
In order to meet the proposed goal of capturing the TWSME at load-free conditions for
thermomechanically trained SMAs, a second-order internal stress tensor is introduced in this
model. As discussed to some extents in the introduction section, during cyclic thermome-
chanical loading SMAs experience microstructure changes, such as pileup of dislocation bands
driven by phase transformations, initiation and growth of micro-voids and micro-cracks,
and damage accumulation, at a stress level below the yielding point. These microstructure
changes gradually introduce a local stress field inside the SMA materials, which is described
by the proposed internal stress tensor via an effective manner. It is reasonably assumed the
internal stress may never go beyond the material yielding point, thus its magnitude is satu-
rated at a maximum point after a certain number of loading cycles. Besides, the evolution
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direction of the internal stress is determined as the same direction of the applied stress field
due to the fact that the induced microstructure changes are caused by the external mechan-
ical loads. On the basis of the above discussions, the following exponential evolution law is
proposed for the internal stress as,
β = σb
Hcur
Hmax
τeff
τ¯eff
(1− e−λ1ζd) (41)
in which, σb is a model parameter representing the maximum (or saturated) magnitude of
the internal stress. Similar as the TRIP evolution law, the ratio (Hcur/Hmax) and the term
ζd are included here to consider the stress-dependent effect on the internal stress evolution,
and λ1 is a material parameter controlling the evolution trend.
3.5. Transformation function
In this subsection, a transformation function and an associated transformation criterion
are defined, upon which the initiation and completion of phase transformation can be deter-
mined. By substitution of the evolution law for transformation strain (30) and TRIP strain
(35) into the reduced form of dissipation inequality (28), the following equation is obtained,
(
τ : Λ + β : Λ + τ : Λtp − ρ0∂G
∂ξ
)
ξ˙ = piξ˙ > 0 (42)
in which the quantity pi is called the general thermodynamic driving force conjugated to
ξ in the proposed model. The product by substitution of Gibbs free energy (19) into the
above equation (42) yields the explicit expression for pi in the following equation, where
∆S,∆α,∆c,∆s0,∆u0 each represents the phase difference between martenstie and austenite
for that variable.
pi = (τ + β) : Λ + τ : Λtp +
1
2
τ : ∆Sτ + τ : ∆α(T − T0) + ρ∆s0T − ρ∆c
[
T
−T0 − T ln( T
T0
)
]− ρ∆u0 − ∂f
∂ξ
(43)
Following the development in the early models (Boyd & Lagoudas 1996, Lagoudas et al.
2012), it is assumed that the forward (reverse) phase transformation initiates whenever the
thermodynamic driving force pi (−pi) reaches a critical value Y (−Y ), and pi (−pi) is al-
ways below such critical value as long as the forward (reverse) phase transformation is not
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completed, upon which the following transformation function Φ is defined,
Φ =

pi − Y, ξ˙ > 0,
−pi − Y, ξ˙ < 0,
(44)
A further improvement in the critical value Y is suggested from Lagoudas et al. (2012),
see equation (45), wherein Y is constructed to be stress-dependent quantity with a reference
critical value Y0 and an additional parameter D. Such consideration enables the model to
capture the different size of hysteresis loops when SMA materials are subjected to various ap-
plied stress levels. This capability is provided through capturing the different slopes CA, CM
in the effective stress-temperature phase diagram.
Y (σ) =

Y0 +Dσ : Λfwd, ξ˙ > 0,
Y0 +Dσ : Λrev, ξ˙ < 0,
(45)
In order for the defined transformation functions and the corresponding transformation
criteria to satisfy the principle of maximum dissipation, the following Kuhn-Tucker constraint
conditions have to be met,
ξ˙ > 0; Φ(τ, T, ξ) = pi − Y 6 0; Φξ˙ = 0;
ξ˙ 6 0; Φ(τ, T, ξ) = −pi − Y 6 0; Φξ˙ = 0;
(46)
4. IMPLEMENTATION
This section discusses the implementation of the above proposed model into a numerical
environment through a user-defined material subroutine (UMAT), the adopted finite element
tool Abaqus equipped with UMAT is then used for solving different BVPs. As shown in Fig.
2, all the UMAT variables used in the this model are presented via a flowchart. This imple-
mentation procedure follows the knowledge of Return Mapping Algorithm (RMA) presented
in the available publications (Qidwai & Lagoudas 2000a, Lagoudas 2008). The general goal
of the UMAT is, given an increment of strain and temperature from the finite element solver,
to calculate the output stress values by using the constitutive relationships (26) and (27)
with all the internal state variables conforming to the Kuhn-Tucker consistency constraints
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(46). The implementation in general consists of two major procedures, one is called the
Thermoelastic-predictor, and the other is called the Transformation-corrector. It is worthy
to point out that the input variables used for this implementation collected from the global
finite element solver are the temperatures (Tn, Tn+1), and deformation gradients at the cur-
rent and next step (Fn, Fn+1). As it was discussed in the work of Xu et al. (2019a), such
non-trivial considerations on the kinematics allow for the implementation of the model to
get rid of the accumulated stress errors as a result of using other non-integrable objective
rates. The effects of such accumulated stress errors on the cyclic thermomechanical response
of SMAs are analyzed in detail from Xu et al. (2019a).
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Equilibrium Solver Kinematics
Global FE Solver 
Pre-Calculation
Thermoelastic predictor
Rotation Procedure
Transformation corrector
Update variables Continuum tangent stiffness matrix
Figure 2: UMAT flowchart for all the variables used in the model during the implementation within the finite
element framework.
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Table 1: The summary of the UMAT implementation.
1.Initialization
• Conduct pre-calculation and rotation procedures.
• k = 0; ξ(0)n+1 = ξn; htr(0)n+1 = htrn ; htp(0)n+1 = htpn ;β(0)n+1 = βn
2.Thermoelastic Predictor
• τ(0)n+1 = C(0)n+1[hn+1 − htr(0)n+1 − htp(0)n+1 −α(Tn+1 − T0)]
• Calculate Φ(k)n+1 .
• IF Φ(0)n+1 6 tol, GOTO 4 (thermoelastic response).
• IF Φ(0)n+1 > tol, GOTO 3 (transformation happens).
3.Transformation Corrector
• Calculate residual matrix
R
tr(k)
n+1 = −htr(k)n+1 + htrn + Λ(k)n+1(ξ(k)n+1 − ξn)
R
tp(k)
n+1 = −htp(k)n+1 + htpn + Λtp(k)n+1 (ξ(k)n+1 − ξn)
Φ
(k)
n+1 = Φ(τ
(k)
n+1, Tn+1, ξ
(k)
n+1)
• Perform Newton-Raphson iterations in equation (54) to obtain
∆ξ
(k)
n+1,∆h
tr(k)
n+1 ,∆h
tp(k)
n+1 .
• Update variables ξ(k+1)n+1 ,htr(k+1)n+1 ,htp(k+1)n+1 ,S(k+1)n+1
ξ
(k+1)
n+1 = ξ
(k)
n+1 + ∆ξ
(k)
n+1
h
tr(k+1)
n+1 = h
tr(k)
n+1 + ∆h
tr(k)
n+1
h
tp(k+1)
n+1 = h
tp(k)
n+1 + ∆h
tp(k)
n+1
S(k+1)n+1 = SA + ξ(k+1)n+1 ∆S
• IF Φ(k+1)n+1 > tol, GOTO step 3, next local iteration k = k + 1.
ELSE GOTO step 4, EXIT
4.Calculate continuum tangent stiffness L .
• L = C + [C(∆Sτ + Λ + Λ
tp)]⊗ [C∂τΦ]
∂ξΦ− ∂τΦ : C(∆Sτ + Λ + Λtp)
5.Update σn+1, ζ
d
n+1 and βn+1
• σn+1 = 1Jτn+1, wherein τn+1 is calculated based on equation (26)
• ζdn+1 = ζdn + H
cur
n+1
Hmax
|ξn+1 − ξn|
• βn+1 = σb τ
eff
n+1
τ¯effn+1
(1− e−λ1ζdn+1)
6.Exit UMAT and proceed to the global FE solver for the next increment
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A pre-calculation and a rotation procedure are employed before calling the thermoe-
lastic prediction and transformation correction steps. In the pre-calculation procedure, the
total strain at current and next step (hn, hn+1) are calculated based on (Fn, Fn+1) using
equation (8). The incremental rotation tensor ∆Rlogn based on the logarithmic rate can be
calculated by using the exponential map scheme described in Simo & Hughes (2006). In
the rotation procedure, the tensorial variables stored as solution-dependent quantities in-
cluding hn, h
tr
n , h
tp
n , βn, Λn, and Λ
tp
n are rotated from the previous n
th configuration to
the current (n + 1)th configuration using ∆Rlogn , thus, to preserve the so-called principle of
objectivity. To proceed with the thermoelastic-predictor step, the internal state variables
Υ
(0)
n+1 = {htr(0)n+1 ,htp(0)n+1 ,β(0)n+1, ξ(0)n+1}2 at (n+ 1)th step are assumed to be Υn for the initial ther-
moelastic evaluation. In the case that the Kuhn-Tucker consistency condition is violated,
i.e., Φ
(0)
n+1 > 0, the transformation correction procedure is initiated to attain updated inter-
nal state variables to regain consistency. Otherwise, the current (n+1)th step is detected as a
thermoelastic response with Υn+1 = Υ
(0)
n+1, and the UMAT skips the transformation correc-
tion step and continues the rest procedures. A more detailed description of implementation
steps is presented in the following context.
4.1. Thermoelastic Predictor
This part is a detailed description of the thermoelastic prediction step. Take the (n+1)th
step for example, the total strain hn+1 and temperature Tn+1 are obtained from the Pre-
calculation procedure, and the initial internal state variables Υ
(0)
n+1 are assumed the same as
Υn for the initial consistency evaluation, i.e.,
h
tr(0)
n+1 = h
tr
n ; h
tp(0)
n+1 = h
tp
n ; β
(0)
n+1 = βn; ξ
(0)
n+1 = ξn (47)
on the basis of the above information, the guessed stress value τ
(0)
n+1 is calculated through the
constitutive equation (26),
τ
(0)
n+1 = C(0)n+1
[
hn+1 − htr(0)n+1 − htp(0)n+1 −α(0)n+1(Tn+1 − T0)
]
(48)
2(·)(k) represent the local value of that variable at the kth iteration in the transformation correction
procedure, here k = 0 means that this is an initial guess value in thermoelastic prediction procedure.
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the initial value of transformation function Φ
(0)
n+1 in thermoelastic procedure can be evaluated
based on equations (43) and (44) as follow,
Φ
(0)
n+1 = Φ(τ
(0)
n+1, Tn+1,Υ
(0)
n+1) (49)
If the transformation consistency constraints are preserved, i.e., the initial value of trans-
formation function Φ
(0)
n+1 6 0 3, no phase transformation is initiated inside SMAs under the
current material state, and the current step is detected as a thermoelastic step. If the trans-
formation criterion is violated, i.e. Φ
(0)
n+1 > 0, the transformation correction procedure is
activated in order to restore the consistency constraints (46) via retaining updated internal
state variables Υ
(k)
n+1.
4.2. Transformation Corrector
This part focuses on the iterative transformation correction procedure to find a set of
updated internal state variables to regain the transformation consistency conditions, i.e.,
Φ
(k)
n+1 6 0. Take the kth iteration as an example, the objective is to solve a system of
nonlinear equations summarized in equations (50), (51) and (52), where the residuals in the
rate form evolution equations (29) and (35) for transformation strain and TRIP strain can
be reformulated into the discretized form as equations (51) and (52),
Φ
(k)
n+1 = Φ(τ
(k)
n+1, Tn+1, ξ
(k)
n+1) (50)
R
tr(k)
n+1 = −htr(k)n+1 + htrn + Λ(k)n+1(ξ(k)n+1 − ξn) (51)
R
tp(k)
n+1 = −htp(k)n+1 + htpn + Λtp(k)n+1 (ξ(k)n+1 − ξn) (52)
The goal to regain the consistency condition then becomes to satisfy the following con-
vergence inequalities, in which ’tol’ means a small convergence value usually can be set as
3Usually a small value ’tol’ is used for Φ
(0)
n+1 6 ’tol’ evaluation, ’tol’ is acceptable to be 10−6 or a even
smaller value.
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10−6.
|Φ(k)n+1| 6 tol ; |Rtr(k)n+1 | 6 tol ; |Rtp(k)n+1 | 6 tol (53)
A standard Newton-Raphson iteration procedure can be utilized to solve the above
nonlinear system of equations. The following equation is usually the explicit form to be
iterated wherein the first matrix term in the right-hand side is the inverse of the so-called
Jacobian matrix for the nonlinear system of equations.
∆ξ
(k)
n+1
∆h
tr(k)
n+1
∆h
tp(k)
n+1

= −

∂Φ
(k)
n+1
∂ξ
∂Φ
(k)
n+1
∂htr
∂Φ
(k)
n+1
∂htp
∂R
tr(k)
n+1
∂ξ
∂R
tr(k)
n+1
∂htr
∂R
tr(k)
n+1
∂htp
∂R
tp(k)
n+1
∂ξ
∂R
tp(k)
n+1
∂htr
∂R
tp(k)
n+1
∂htp

−1 
Φ
(k)
n+1
R
tr(k)
n+1
R
tp(k)
n+1

(54)
During each kth iteration of the Newton-Raphson precedure, the following updated values
for the next k + 1th iteration are obtained for the internal state variables,
ξ
(k+1)
n+1
h
tr(k+1)
n+1
h
tp(k+1)
n+1

=

ξ
(k)
n+1
h
tr(k)
n+1
h
tp(k)
n+1

+

∆ξ
(k)
n+1
∆h
tr(k)
n+1
∆h
tp(k)
n+1

(55)
The Newton-Raphson procedure iterates a maximum number of iterations un-
til the convergence criterion equation (53) is satisfied. Once the converged values
{htr(k+1)n+1 ,htp(k+1)n+1 , ξ(k+1)n+1 } are accepted as the final value for the current material state at
the kth iteration, the current transformation correction step is completed.
5. RESULTS AND DISCUSSIONS
In this section, four BVPs are analyzed to test the proposed modeling capabilities of this
model considering TRIP and TWSME. These BVPs include both pseudoelastic and actuation
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cycling for a wide range of SMA material systems, incorporating Ni40Ti50Cu10, Ni49.9Ti50.1,
Ni55Ti45, and Ni50.3Ti29.7Hf20 with their compositions all in atomic percentage (at.%). Be-
cause the phase transformation characteristics, such as the transformaiton temperatures and
strains, shape and size of hysteresis, TRIP strain accumulations, are very various for different
material compositions, the fidelity of the proposed model is therefore tested over a variety of
SMAs. Three out of the four BVPs are in uniaxial loading conditions while the last one is a
multiaxial one.
The first BVP is a Ni40Ti50Cu10 (at.%) SMA wire under uniaxial cyclic pseudoelastic
loading, in which the accumulation of TRIP strain and the stress levels required to initiate
the phase transformation after loading cycles are analyzed. Secondly, two BVPs investigate a
Ni49.9Ti50.1 (at.%) and a Ni50.3Ti29.7Hf20 (at%) SMA dogbone specimens under uniaxial cyclic
actuation loading. Apart from the accumulated TRIP strain, the load-free TWSME responses
after the training procedure are also analyzed. Finally, a Ni55Ti45 (at.%) plate actuator with
a centric hole is chosen to test the model’s capability to capture the stress-dependent TRIP
evolution under multiaxial stress state. It should be noted that the logarithmic (or ture)
strain is adopted in both the simulation and experimental results, and the calibration for
the model parameters are based on the true stress-strain curves instead of the engineering
one. Under large strain conditions, using an engineering scale stress-strain curve to calibrate
the model is expected to cause some discrepancies on material parameters such as Young’s
modulus and transformation strain as discussed in Xu et al. (2019a). Lastly, the simulation of
these BVPs are obtained through the commercial finite element software Abaqus, into which
the constitutive response of SMAs described above is implemented as a UMAT discussed in
the previous section.
5.1. Uniaxial cyclic pseudoelastic loading case
The first BVP describes a Ni40Ti50Cu10 (at.%) SMA wire under uniaxial pseudoelastic
cyclic loading. A bias mechanical load is applied in the longitudinal wire direction from 0 to
550 MPa and then unloaded, the temperature is kept constant at 360 K throughout the entire
procedure. Such loading and unloading process is repeated for 50 cycles. The NiTiCu SMA
wire experienced a stress-induced forward phase transformation during the loading regime
followed by a reverse phase transformation at the unloading. The material parameters used
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Table 2: Model parameters used for NiTiCu SMA under uniaxial cyclic pseudoelastic loading
Type Parameter Value Parameter Value
EA 70 [GPa] CA 3.4 [MPa/K]
EM 50 [GPa] CM 3.4 [MPa/K]
Key material parameters νA = νM 0.33 Ms 264 [K]
12 αA = αM 2.2×10−5 [K−1] Mf 160 [K]
Hmaxi 5% As 217 [K]
Hmaxf 5% Af 290 [K]
Hmin 0% kt 0.00752 [1/MPa]
τcrit
Smooth hardening parameters n1 0.2 n3 0.4
4 n2 0.3 n4 0.5
σb 100 [MPa] λ1 3.5
TRIP parameters Cp1 2.1×10−2
4 Cp2 0.17
in this simulation are listed in table 2 based on the calibration from experimental data.
The cyclic stress-strain curve acquired by the proposed model is compared against the
available experimental data reported in Strnadel & Miyazaki (2011). As shown in Fig. 3,
the NiTiCu SMA accumulates a large amount of irrecoverable TRIP strain from the 1st
cycle to the 50th cycle. In addition, it can be seen from Fig. 4 that the TRIP strain grows
drastically within the initial 30 loading cycles then stabilizes in a stationary increasing trend
thereafter. The accumulated TRIP strain in the 1st cycle is about 0.6% and grows to around
6% after 30 cycles. The predicted TRIP accumulation result is shown in good agreement
with the experimental data. Apart from capturing the irrecoverable TRIP strain, the model
is also able to capture the experimentally observed decreasing stress levels required to initiate
the forward phase transformation. This modeling capability is achieved by the introduction
of internal stress term into the model formulation. As the internal stress accumulates in an
exponential manner described as evolution equation (41) when the SMA material is subjected
to mechanically cycling, it decreases the stress required from outside to kick off the phase
transformation. In summary, it is shown in this BVP that the proposed model is able to
predict the TRIP strain accumulation during cyclic pseudoelastic loading, and also is capable
to capture the decreasing stress level needed to initiate the phase transformations after the
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mechanically cycling.
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Figure 3: The 1st and 50th response of a NiTiCu SMA wire subjected to 50 unaxial tensile stress cycling.
The experimental data used for comparison are referenced from Strnadel & Miyazaki (2011).
5.2. Uniaxial cyclic actuation loading case
In this section, two BVPs for SMAs with different material compositions, i.e., Ni49.9Ti50.1
(at.%) and Ni50.3Ti29.7Hf20 (at.%), subjected to uniaxial actuation cycling are analyzed. The
NiTi material is a classical type of SMA having critical phase transforming temperatures
close to room temperature, while the NiTiHf belongs to the so-called high-temperature SMA
category that can function under very extreme environments with their phase transforma-
tion temperatures around 100 ◦C. These two BVPs are chosen to check the model’s fidelity
over multiple SMA material systems, also to check the proposed capability of capturing the
load-free TWSME for thermomechanically trained SMAs. The load-free thermal cycling re-
sponse of SMAs are examined and compared to available experimental data to validate such
capability.
In the NiTi case, the SMA dogbone specimen was subjected to a 100 thermal cycling
between 310 and 440 K under a constant stress 200 MPa. After the 100 training cycles, the
bias load was removed, and the final thermal cycling was performed to check the TWSME
response under load-free condition. The material parameters used here to simulate this ex-
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Figure 4: Accumulation of TRIP strain for the NiTiCu SMA wire subjected to 50 unaxial tensile stress
cycling. The experimental data used for comparison are referenced from Strnadel & Miyazaki (2011).
periment are listed in table 3. Similar to the experimental procedure in the case of NiTi, the
NiTiHf dogbone specimen was also loaded under 200 MPa and experienced a 100 thermal
cycling between 310 and 580 K. The load-free TWSME was also checked after the thermo-
mechanical training cycles. The material parameters used to simulate the NiTiHf actuation
response are listed in table 4. The experimental data used for comparison were initially
reported in Atli et al. (2015).
The simulated cyclic actuation response by the proposed model are summarized in Fig.
5 for NiTi SMA and in Fig. 6 for NiTiHf SMA. In the NiTi case, the results for selected
training cycle 1, cycle 10, cycle 20, cycle 40, cycle 70, and cycle 100 are plotted and compared
to the experiment results. It is shown that the simulated transformation characteristics in
these selected training cycles, including transformation temperatures, transformation train
magnitude, and TRIP strain accumulation, are in good agreement with the experiment data.
More specifically, the NiTi SMA accumulated about 11% TRIP strain after the 100 thermal
training cycle. Additionally, the simulated load-free TWSME curve for NiTi SMA also
correlates well with the experimental one. In the case of NiTIHf, it can be seen that the
high-temperature SMA material system shows a quite different actuation response compared
to that of NiTi. Specifically, the phase transformation temperatures are much higher, and
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much less TRIP strain is accumulated in the end. Although those characteristics are quite
different compared to NiTi, the simulated results also agree well with the experimental data.
The comparison between simulation results and experimental data demonstrates that the
proposed model is enabled to capture the load-free TWSME response for thermomechanically
trained SMAs, and also the fidelity of the proposed modeling capabilities over multiple SMA
material systems.
Table 3: Model parameters used for NiTi SMA under uniaxial cyclic actuation loading.
Type Parameter Value Parameter Value
EA 24.15 [GPa] CA 15 [MPa/K]
EM 24.15 [GPa] CM 8 [MPa/K]
Key material parameters νA = νM 0.33 Ms 330 [K]
12 αA = αM 1.0×10−5 [K−1] Mf 300 [K]
Hmaxi 4% As 351 [K]
Hmaxf 3.17% Af 375 [K]
Hmin 0% kt 0.045 [1/MPa]
τcrit
Smooth hardening parameters n1 0.5 n3 0.5
4 n2 0.5 n4 0.5
σb 80 [MPa] λ1 0.1
TRIP parameters Cp1 2.6×10−2
4 Cp2 0.18
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Table 4: Model parameters used for NiTiHf SMA under uniaxial cyclic actuation loading.
Type Parameter Value Parameter Value
EA 70 [GPa] CA 12.5 [MPa/K]
EM 70 [GPa] CM 11.9 [MPa/K]
Key material parameters νA = νM 0.33 Ms 441 [K]
12 αA = αM 1.0×10−5 [K−1] Mf 430 [K]
Hmaxi 3.15% As 460 [K]
Hmaxf 3.15% Af 466 [K]
Hmin 0.7% kt 0.007 [1/MPa]
τcrit 0 [MPa]
Smooth hardening parameters n1 0.06 n3 0.06
4 n2 0.06 n4 0.06
σb 35 [MPa] λ1 0.1
TRIP parameters Cp1 5×10−4
4 Cp2 0.3
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Figure 5: Selected thermal cycling and load-free TWSME response for the NiTi SMA under a 200 MPa
constant load. (a) Combined, (b) Cycle 1, (c) Cycle 10, (f) Cycle 20, (e) Cycle 40, (f) Cycle 70, (g) Cycle
100, (h) TWSME cycle. The experimental data used for comparison are referenced from Atli et al. (2015).
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Figure 6: Selected thermal cycling and load-free TWSME responses for the NiTiHf SMA under a 200 MPa
constant load. (a) Combined, (b) Cycle 1, (c) Cycle 10, (f) Cycle 20, (e) Cycle 40, (f) Cycle 70, (g) Cycle
100, (h) TWSME cycle. The experimental data used for comparison are referenced from Atli et al. (2015).
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t = 0.5 mm
d = 2 mm
a = 100 mm
b = 10 mm
Figure 7: The geometry of the Ni55Ti45 (at.%) plate actuator with a centric hole.
Table 5: Model parameters used for the Ni55Ti45 (at.%) plate actuator.
Type Parameter Value Parameter Value
EA 70 [GPa] CA 22 [MPa/K]
EM 70 [GPa] CM 22 [MPa/K]
Key material parameters νA = νM 0.33 Ms 318 [K]
12 αA = αM 1.0×10−5 [K−1] Mf 298 [K]
Hmaxi 1.5% As 332 [K]
Hmaxf 1.5% Af 352 [K]
Hmin 0% kt 0.01 [1/MPa]
τcrit 0 [MPa]
Smooth hardening parameters n1 0.5 n3 0.5
4 n2 0.5 n4 0.5
σb 0 [MPa] λ1 N/A
TRIP parameters Cp1 5.73×10−3
4 Cp2 1.972
5.3. Plate actuator with a centric hole under cyclic actuation loading
After the analysis of SMAs under uniaxial loading condition, this part analyzes the
BVP when SMAs are subjected to multiaxial stress conditions. As it was mentioned in the
introduction, it is imperative to understand the cyclic response of SMAs under the multiaxial
loading conditions, as the majority of applications require the functionality of SMA-based
components under multiaxial stress state that are caused by geometry discontinuities, such
as notches and holes coming from installment requirements. It has been reported that TRIP
strain evolves differently in the multiaxial stress state compared to that in the uniaxial one.
In order to study the effect of the stress multiaxiality, a plate actuator with a centric hole
made from Ni55Ti45 (at.%) subjected to cyclic actuation loading is chosen as the BVP to be
investigated. The geometry of the plate actuator is shown in Fig. 7, which has 100 mm in the
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length, 10 mm in the width, and 0.5 mm in the thickness. The centric hole has a diameter of 2
mm. In the experiment, a nominal load of 136 MPa was applied in the longitudinal direction
of the plate, thereafter it was subjected to a thermal cycling between 280 and 400 K for 100
cycles while the bias load was maintained constant. The TRIP strain in the longitudinal
direction was recorded at the end of each thermal cycling by using the Digital Correction
Image (DIC) technique. A simulation was performed by using the presented model wherein
the loading conditions are the modeled the same as the experiment. The material parameters
used in this simulation are listed in table 5.
As it can be seen from the principal stress contour in Fig. 8(a), the non-uniform multi-
axial stress field is caused due to the presence of the hole, a much larger stress field in the
designated red region while a much smaller stress field in the rest part. As a result of such
stress multiaxiality, the phase transformation of the plate actuator is largely redistributed.
As it is shown Fig. 8 (b), the stress concentrated part starts the phase transformation earlier
while in the less stressed part it is later initiated. Furthermore, refer to Fig. 9 for the TRIP
strain accumulation results, the experimental DIC result is shown in the bottom row while
the prediction is shown in the upper row of the figure. The experimental results show that
the multiaxial stress state has a significant effect on the TRIP strain evolution from cycle
to cycle. Specifically, the TRIP strain accumulates much faster in the stress concentrated
part compared to the less stress concentrated part. In cycle 10, There is around 0.17% TRIP
strain accumulated in the stress concentration part while the rest of the plate actuator is
much less than 0.1%. In cycle 100, there is 0.32% TRIP strain generated in the red area
while the less stressed part accumulates around 0.15%, and the rest part of the plate under
uniform stress field accumulates around 0.25%. The observation on the experimental results
indicated that the generation of TRIP strain is highly stress-dependent. Although this fea-
ture seems very intrinsic to model, the proposed model, however, did a quite good job on
predicting that. The simulation results not only well captured the overall distribution shape
for the accumulated TRIP strain, the magnitude in the stress concentrated and less stressed
regions are also in good agreement with the experiments. In this BVP, the proposed model
is demonstrated to have the capability to predict the highly stress-dependent TRIP strain
generation when SMAs are subjected to a multiaxial stress state.
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Figure 8: The simulated stress distribution and martensitic volume fraction contour for the Ni55Ti45 (at.%)
plate actuator. (a) Maximum principal stress, (b) martensitic volume fraction.
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Figure 9: TRIP strain evolution contour for the Ni55Ti45 (at.%) plate actuator subjected to cyclic thermo-
mehcanical loading. The first row in this figure is simulation while the second row is experimental DIC result.
The experimental data is referenced from Wheeler (2017).
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6. CONCLUSIONS
In this work, a three-dimensional finite strain constitutive model for SMAs considering
the stress-dependent TRIP evolution under multiaixal stress state, as well as the TWSME
at load-free condition is proposed. This model is developed based upon the early work by
Lagoudas et al. (2012), and largely inspired by its consideration of TRIP (Bo & Lagoudas
1999b, Lagoudas & Entchev 2004), as well as its recent extension into large deformation
framework (Xu et al. 2019a). By consideration of the martensitic volume fraction, transfor-
mation strain, internal stress, and TRIP strain tensors as internal state variables, the model
is enabled to capture the following important characteristics for polycrystalline SMAs. (1)
The model formulated based on a finite deformation theory is inherently able to capture the
large strains and rotations exhibited by SMAs under cyclic thermomechanical loading. (2)
Through the introduction of an accumulating internal stress tensor, the model is capable of
predicting the TWSME for thermomechanically trained SMAs under load-free conditions,
and also capturing the decreasing stress level to initiate the phase transformation during
pseudoelastic cycling. (3) By proposing a new TRIP strain evolution law, the model is able
to predict the stress-dependent TRIP strain generation when SMAs are subjected to a mul-
tiaxial stress state. A detailed implementation procedure of the proposed model is presented
through a user-defined material subroutine within a finite element framework allowing for
solving complex BVPs, and a comprehensive instruction on calibrating the model parameters
as well as the derivation of continuum tangent stiffness matrix are also provided. The pro-
posed modeling capabilities have been validated through both unaxial and multiaxial BVPs
for a wide range of SMA material systems under different thermomehcnaical loading paths,
which demonstrates the presented model’s fidelity as an efficient design and analysis tool for
the future applications of SMA-based multifunctional components.
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Appendix A. Continuum tangent stiffness and thermal moduli
In order for the displacement-based Finite element solver to attain a converged solution
for the global equilibrium equations, the so-called tangent stiffness matrix must be defined in
the UMAT. In general, the aforementioned matrix can be derived using either the continuum
or the time-discretized equations of stress and transformation function. The tangent stiffness
matrix derived using the time-discretized equations is commonly referred as consistent stiff-
ness matrix, which is the consistent one used in the UMAT framework, and therefore leads
to a quadratic convergence rate in the Newton-Raphson process within the finite element
solver. The tangent stiffness matrix, derived using the continuum equations, is called the
continuum stiffness matrix and it may lead to a slower convergence rate in comparison to the
time discretized form, especially when large analysis time steps are used. However, it should
be noted that both approaches will lead to the same solution once the Newton-Raphson pro-
cess converges. An extensive discussion about this matter can be found in Lagoudas (2008).
In the current work, the continuum tangent matrix is the opted one due to the simplicity of
its derivations. Although we acknowledge the aforementioned potential disadvantages, that
could be addressed in a future work to maximize the algorithm performance.
A detailed derivation of the continuum tangent stiffness matrix is provided in the fol-
lowing part. For the sake of completeness, the presented derivation has also included the
derivation of the tangent thermal moduli. Although it should be noted that the tangent
thermal moduli is required to be defined in the UMAT, only if the coupling between the
thermal and mechanical equilibrium equations is considered, which has not been considered
in the current work. In general, these continuum tangent tensors can be formulated as shown
in equation (A.1), where L is called the tangent stiffness matrix and Θ is the tangent thermal
moduli. Be noted that the Vogit notation of tensors is used in the actual implementation.
τ˚ = Lh˚ + ΘT˙ (A.1)
Applying the logarithmic rate on constitutive equation (26) yields,
τ˚ = C [˚h−αT˙ − (∆Sτ + ∆α∆T + Λ + Λtp)ξ˙ ] (A.2)
Taking the chain rule differentiation on the transformation function equation (44) gives,
Φ˙ = ∂τΦ : τ˚ + ∂TΦT˙ + ∂ξΦξ˙ = 0 (A.3)
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Substitute equation (A.2) into equation (A.3) to cancel τ˚ and solve it for ξ˙, the following
expression for ξ˙ can be obtained,
ξ˙ = − ∂τΦ : Ch˚ + (∂TΦ− ∂τΦ : Cα)T˙
∂ξΦ− ∂τΦ : C(∆Sτ + Λ + Λtp + ∆α∆T ) (A.4)
As the phase difference of thermal expansion coefficients ∆α is quite small usually, it is
neglected in the derivation for the sake of brevity. The final explicit expression in the form
as equation (A.1) can be obtained as follows by substitution of equation (A.4) into the rate
form constitutive equation (A.2),
τ˚ =
[
C + [C(∆Sτ + Λ + Λ
tp)]⊗ [C∂τΦ]
∂ξΦ− ∂τΦ : C(∆Sτ + Λ + Λtp)
]
h˚ +[
− Cα + C(∆Sτ + Λ + Λ
tp)(∂TΦ− ∂τΦ : Cα)
∂ξΦ− ∂τΦ : C(∆Sτ + Λ + Λtp)
]
T˙
(A.5)
in which the continuum tangent stiffness matrix L is,
L = C + [C(∆Sτ + Λ + Λ
tp)]⊗ [C∂τΦ]
∂ξΦ− ∂τΦ : C(∆Sτ + Λ + Λtp) (A.6)
and the continuum thermal moduli Θ is,
Θ =
C(∆Sτ + Λ + Λtp)(∂TΦ− ∂τΦ : Cα)
∂ξΦ− ∂τΦ : C(∆Sτ + Λ + Λtp) − Cα (A.7)
In order to fully determine the explicit expressions for L and Θ during the implementa-
tion, the following terms ∂τΦ, ∂ξΦ, ∂TΦ used in above equations can be calculated by using
the symbolic calculation toolbox provided in MATLAB.
Appendix B. Model calibration
This section presents a detailed instruction on how to identify all the model parameters
from a set of calibration tests. In general, those parameters can be categorized into three
major groups, i.e., the key material parameters, smooth hardening parameters, TRIP and
internal stresses parameters. Note that the strain measure used here is logarithmic (or true)
strain rather than engineering (or infinitesimal) strain.
First, material constants such as the elastic modulus (EA, EM) of austenite and marten-
site can be obtained by calculating the slopes at martensitic phase and austenite phase from
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uniaxial mechanical loading-unloading experiment, i.e., the pseudoelastic response as shown
in Fig. 10(a). Poisson’s ratios νA and νB are usually assumed as 0.33 for metallic materials.
In order to construct the phase diagram, thermal cycling of the material under constant
uniaxial tensile stress, i.e., actuation response as shown in Fig. 10(b), is performed, by which
critical transformation temperatures (M τs ,M
τ
f , A
τ
s, A
τ
f ) and transformation strain H
cur(τ) for
a specific applied stress level τ are measured. Such experiments are performed at three
different stress levels (τ1, τ2, τ3). By using these collected temperature and transformation
strain information, the phase diagram and the Hcur curve can be constructed, see Fig. B.11.
Therefore, phase diagram related stress influence coefficients (CA, CM), phase transformation
temperatures (Ms,Mf , As, Af ) at zero stresses, are determined. In addition, model param-
eters related to Hcur curve (Hmin, Hmax, kt, τcrit) are also obtained. Secondly, the smooth
hardening related coefficients (n1, n2, n3, n4) are determined by best matching the smooth-
ness of response curve corner at the initiation and completion during phase transformation.
The thermal expansion coefficients, usually assumed there is no phase differences αA = αM ,
can also be determined through an actuation response.
In order to calibrate the TRIP related model parameters (Cp1 , C
p
2 ), the thermal cycling
of SMAs, cyclic actuation response shown as Fig. 12(a), subjected to a constant stress level is
needed, in which the stress magnitude should exceed a saturation point beyond which no more
transformation strain is generated even the stress further increases. From such experiment,
the collected TRIP strain with respect to the number of loading cycle are used to calibrate
the TRIP parameters. Integrating the rate form TRIP evolution equation (36) can obtain
the algebraic form equation (B.1). Here the ratio term Hcur/Hmax is to incorporate stress-
dependency effect on Cp1 when SMAs are subject to multiaxial stress state.
htp =
Hcur
Hmax
Cp1 ln(1 + C
p
2ζ
d) (B.1)
Under the condition that the material is fully transformed into oriented martensite phase
at a saturated stress value, Hcur/Hmax = 1 and the accumulation of orientated martensitic
volume fraction is reduced to the total one, i.e., ζd = ζ. Therefore, equation (B.1) can be
further reduced into equation (B.2). TRIP related model parameters (Cp1 , C
p
2 ) can thus be
calibrated by best fitting the TRIP strain evolution curve using the logarithmic function in
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equation (B.2) as shown in Fig. 12(b).
htp = Cp1 ln(1 + C
p
2ζ) (B.2)
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Figure B.10: Experiments utilized for the calibration of model parameters. (a) Uniaxial pseudoelastic ex-
periment used for the calibration of elastic modulus of austenite and martensit. (b) Uniaxial actuation
experiments under three different stress levels used for the calibration of phase diagram related model pa-
rameters.
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Figure B.11: Calibration of model parameters. (a) Phase diagram. (b) Hcur curve.
Next, internal stress related model parameters (σb, λ1) can be calibrated from the same
thermal cycling experiment as shown in Fig.12(a) with additional information on TWSME
response. As the internal stress is responsible for the generation of TWSME at load-free
condition, it can be inversely determined by using the TWSME curve. Specifically, the
magnitude of transformation strain Hcur(σb) for the TWSME curve can be measured as
shown in Fig.12(a). Based on the Hcur curve from Fig. 11(b), in order to produce this
much transformation strain, the effective stress value of τeff can be calculated. Also, it is
straightforward to get τeff = σb under load-free condition. Thus the value of σb can be
obtained by using the following derivation,
Hcur(σb) = H
min + (Hmax −Hmin)(1− e−kt(σb−τcrit)) (B.3)
The explicit calculation of σb is as follow,
σb = τcrit +
1
kt
ln
( Hmax −Hmin
Hmax −Hcur(σb)
)
(B.4)
The additional model parameter λ1 is a curve fitting parameter which controls how fast
the quantities, such as the internal stress or Hmax, evolve into their saturated values. It can
be determined by best fitting the internal stress evolution law (41) or Hmax degradation law
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Figure B.12: Calibration of TRIP and internal stress related model parameters. (a) Cyclic actuation response
with TWSME curve at load-free condition. (b) Calibration of TRIP related model parameters using TRIP
strain versus number of loading cycle.
(34) based on their evolution information. However, such information is often not easy to be
measured, and λ1 = 0.01 ∼ 1 is an acceptable range.
There are also seven intermediate model parameters (ρ0∆s0, ρ0∆u0, a1, a2, a3, Y0, D) uti-
lized in the proposed model, which can be calculated based on the above known parameters.
Their detailed derivation process is the same as what has been reported in the work of
Lagoudas et al. (2012), Xu et al. (2019a). Here they are provided to complete the model
calibration process. Be noted that the values of Hcur and its partial derivative over stress in
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the following equations are calculated at the actual calibration test stress value.

a1 = ρ0∆s0(Mf −Ms);
a2 = ρ0∆s0(As − Af )
a3 =
1
4
a2(1 +
1
n3 + 1
)−
1
4
a1(1 +
1
n1 + 1
)
ρ0∆u0 =
1
2
ρ∆s0(Ms + Af )
Y0 =
1
2
ρ0∆s0(Ms − Af )− a3
D =
(CM − CA)
[
Hcur + τ∂τH
cur + τ∆S]+ +(CM + CA)(Λtp + τ∂τΛtp)
(CM + CA)(Hcur + τ∂τHcur)
ρ0∆s0 = −
2CMCA
[
Hcur + τ∂τH
cur + τ∆S]
CM + CA
(B.5)
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